The problem of linear systems subject to actuator faults (outage, loss of effectiveness and stuck), parameter uncertainties and external disturbances is considered. An active fault compensation control law is designed which utilizes compensation in such a way that uncertainties, disturbances and the occurrence of actuator faults are account for. The main idea is designing a robust adaptive output feedback controller by automatically compensating the fault dynamics to render the close-loop stability. According to the information from the adaptive mechanism, the updating control law is derived such that all the parameters of the unknown input signal are bounded. Furthermore, a disturbance decoupled fault reconstruction scheme is presented to evaluate the severity of the fault and to indicate how fault accommodation should be implemented. The advantage of fault compensation is that the dynamics caused by faults can be accommodated online. The proposed design method is illustrated on a rocket fairing structural-acoustic model.
Introduction
Fault-tolerant control (FTC) has the ability of keeping the system reliability with performance degradation, which can be accepted when it is affected by a fault. However, if an actuator is suddenly stuck and can no longer deflect a certain control surface in an aircraft, or the system performance is not accepted by the happened faults and/or unknown external disturbance, these faults will lead to catastrophic events. So the research on accommodating actuator failures and maintaining acceptable system performance has received considerable attention from control engineers. Survey papers such as [1] highlighted recent work in the area of FTC and discussed the various application areas.
In general, FTC can be classified into two different categories: Passive control and active control. The passive control uses a fixed controller to deal with any faultfree and faulty cases [2−5] . Therefore, this kind of control cannot guarantee the system s stability when a fault exceeds the predefined faulty set. Unlike the passive control, the active control can compensate for faults by predefining control law or by detecting fault information, location and size for control allocation (CA) strategy online, so that stability and some required performance of the system are achieved in the presence of a fault. In the literature, there have been previous works about successfully implemented active control, including fault detection filterbased approach [6−9] , control allocation algorithm [10−12] , and observer-based approach [13−15] . For the fault type of loss of actuator, adaptive fault-tolerant control design approaches were presented by estimating the actuator efficiency factor online [16−18] . Whereas some direct adaptive fault-tolerant control methods were applied to the actuator stuck faults [19, 20] . Moreover, more general fault models including outage, loss of effectiveness and stuck we studied [21−23] , but no disturbance and/or parameter uncertainty have been considered. Recently, based on optimal technology, the self-restore method was used in fault tolerant control. A fault-tolerant control law for systems with measurement delays were developed [24] by observer-based reduced-order fault diagnosis and dynamic self-restore technology, while by solving the Riccati equation and Sylvester equation, an optimal fault-tolerant control law was designed [25] . When online faults can be estimated and decoupled with disturbances, the waveform of unknown input signal can be used to evaluate the severity of the fault and external disturbance, and indicate how fault accommodation should be implemented. Accordingly, the fault estimation techniques and disturbance decoupling techniques are applied to reconstructing the faults and disturbances. For some important parameters resulting in the faults, such as loss of actuator effectiveness, the adaptive observer can be used to estimate the unknown parameters [26−28] . Furthermore, the faults are regarded as additive unknown input, and an observer-based method with augmented vector, including the states and unknown faults, can be used to estimate the faults [29−31] . The main contribution of this paper is the application of robust adaptive fault tolerant compensation control for linear systems subject to time-varying parameter uncertainties, unknown external disturbances and actuator faults. A new scheme, which is different from the sliding mode ob-server (SMO) based approach, is proposed to reconstruct the faults and disturbances by using Lyapunov redesign technique when the Hautus condition is not satisfied. By assuming some unknown variables, such as lower and upper bounds of fault factor, the upper bounds of disturbance and parameter uncertainty, the designed adaptive laws for system response errors and observer errors can adaptively adjust the controller s parameters to estimate these unknown lower or upper bounds and decouple the faults. The resulting controller can guarantee the closed-loop system to be uniformly bounded and asymptotically stable. Based on the adaptive output feedback controller and disturbance decoupled fault, the reconstruction scheme can be isolated from the faults and disturbances, and then the output feedback control is more advantageous to realize in practical projects, which is the biggest difference to [22] .
The outline of this paper is as follows. The control objectives of this work and preliminary results are presented in Section 2. Section 3 provides a detailed description of the adaptive fault-tolerant controller design approach. In Section 4, the disturbance decoupled fault reconstruction scheme is presented. Numerical examples and simulation results are given in Section 5. And finally, we draw some concluding remarks in Section 6.
Notation. For a real square matrix A, λmin(A) and λmax(A) denote the minimal and maximal eigenvalues of matrix A, A > 0 (A < 0) represents a symmetric positive (negative) definite matrix, and A T denotes its transpose. Symbol In represents a n-th order identity matrix. R denotes the set of real numbers. A block diagonal matrix with matrices X1, X2, · · · , Xn on its main diagonal is denoted as diag{X1, X2, · · · , Xn}. · represents the Euclidean norm of vectors or matrices.
Problem formulation
In this paper, we consider a stabilizable plant where a fault is associated with the actuators and assume that parameter uncertainty and external disturbances exist in the system, which can be shown aṡ
where
n d models a bounded external disturbance, A, B and B d are known matrices of compatible dimensions, and ∆A(t) represents the time-varying parameter uncertainty and is a diagonal matrix. B d and ∆A(t) are assumed to satisfy the following matching condition:
where F d is a known matrix, and S(t) denotes an unknown matrix that is bounded in the Euclidean norm S(t) l * with l * being an unknown positive scalar. Motivated by the need to devise schemes with guaranteed fault tolerance properties, the actuator fault model is considered including outage, loss of effectiveness, stuck condition or combination of all. Here, u f (t), which represents the output signal, contains all kinds of possible actuator faults and acts on the system directly, u(t) present the actual input signal of the actuator. Then, a general actuator fault model is given as
being the unknown time-varying scalar function called actuator efficiency factor, index j denotes the j-th faulty mode, N is the number of total faulty modes, and Θ(t) is the bounded timevarying function reflecting the actuator fault that is completely stuck or partially out of control. In order to explain the possible combination of ρ and Θ, we consider the following four cases: 1) ρ(t) = 1 and Θ(t) = 0: In this case, u f (t) = u(t). This indicates a healthy actuator.
2) ρ(t) = 0 and Θ(t) = 0: ρ(t) < 1 indicates that u f (t) can be partially influenced by the control input u(t), which is partly effective to the actuators at unparameterisable bounded time-varying function Θ(t) [20] . 3) ρ(t) = 0 and Θ(t) 0: When Θ(t) = 0, this case corresponds to the actuator s partial loss of effectiveness. When Θ(t) > 0 and is a constant, this case indicates partially stuck and adjustable for actuator failures.
4) ρ(t) = 0 and Θ(t) 0: When Θ(t) = 0, this case corresponds to outage [32] . When Θ(t) > 0, this case, which is uncontrollable, corresponds to completely stuck or out of control.
Remark 1. The second case implies that the parts of actuators are out of control, but the suck fault and loss of effectiveness may act on some actuators at the same time. The third case gives a special condition for the actuator fault. If Θ(t) is a constant control input, it can be considered as external disturbance. Once the fourth case happens, this system will become uncontrollable, any controller is meaningless.
The dynamics of system (1) with actuator fault modeled by (3) can then be written aṡ
Remark 2. For system (4), if ∆A(t) = 0, the fault tolerant state feedback control designed in [22] can ensure the system states to asymptotically converge to zero under the assumption that the lower and upper bounds of ρ are known for each fault model. The constraint value for ρ is too conservative. In this paper, the designed adaptive fault-tolerant control can guarantee that the states asymptotically converge to zero, despite the unknown bounds of ρ and the existence of parameter uncertainty.
In order to illustrate a feasible fault-tolerant control (provided that ρ(t) = 0), we introduce the following assumptions. Assumption 1. {A, Bρ} is completely controllable and {C, A} is completely observable for any actuator failure
Assumption 2. The uncertainty actuator fault and unknown external disturbances are piecewise continuous bounded functions, i.e., there exist positive upper bounds κΘ and κ d such that
(ρ is not equal to zero) holds for any ρ ∈ {ρ 1 , ρ 2 , · · · , ρ N }. Assumption 4. For any stuck or outage fault, if the remaining actuators can still achieve a designed control objective, then there exists a positive constant τ such that
Remark 3. It is well known that Assumption 1 stands for output-feedback design and denotes the internal stabilizability of any normal or fault system. Assumption 2 is common in the robust fault-tolerant control literature [22] . As discussed in [19] , Assumption 3 introduces a necessary condition for completely compensating the stuck-actuator faults and disturbances. From [19, 21−23] , Assumption 4 proposes a constraint set on the actuation fault that can ensure the controllability of the plant and obtain a feasible solution for the actuator failure compensation problem.
Consider system (1), based on Assumption 1, {A, B} is stabilizable and {C, A} is detectable. Thus, there exists a nu × m constant matrix K such that matrix A − BKC is Hurwitz. Then, for any n-th order positive definite symmetric matrix Q, the Lyapunov equation
has a unique positive definite symmetric solution P ∈ R n×n . Furthermore, Assumption 3 guarantees that the linear combinations of the columns in B can be reconstructed by Bρ for any fault, i.e., there exists a K1 such that
where K1 is the estimation of the feedback gain K. Then, according to Assumptions 1−4, the main purpose of this paper is to construct a robust adaptive compensation controller to guarantee the closed-loop stability in the presence of faults.
Robust adaptive fault-tolerant controller design
To achieve the desired control objective given in Section 2, the adaptive controller is designed in the form of
whereK1(t) = [K11(t),K12(t), · · · ,K1n u (t)] T ∈ R nu×m is the estimation of unknown matrix K1 in (6) and is updated by the adaptive law as
where Πi is any positive constant, bi is the i-th column of B, P is defined as in (5) and (6), andK1i(t) is finite. ua(t) and u b (t) are two auxiliary compensation control functions which will be given later. With the proposed control (4), one haṡ
By Assumption 2, there also exists a positive constant k1 satisfying
Here, it is worth pointing out that constants κΘ, κ d , τ and k1 are all unknown. Now, we give the auxiliary control functions ua(t) and u b (t) as
wherek1 is the estimation of k1, ε and σ are positive constants, k2, which will be given later, is a constant. We define that the estimation ofk1 is updated by the adaptive law as
where γ is positive constant andk1(t0) is finite. DenoteK1(t) =K1(t) − K1 andk1(t) =k1(t) − k1. Due to the fact that K and k1 are unknown constants, we can write the error system as
In the following, by (x,K1,k1), we denote a solution of the closed-loop system and the error system. Then, we can obtain the following theorem. Theorem 1. Considering the adaptive closed-loop system (9) and error system (14) under Assumptions 1−4, there exist solutions to the closed-loop system and error system, which are asymptotically stable by using designed adaptive fault tolerant control.
Proof. For the adaptive closed-loop system described by (13), we first define a Lyapunov function candidate as
1 .
Then, according to (14) and Assumption 4, the time deriva-
Let s use (6) and define k2 = l * 2 τ , and the above equation can be simplified aṡ
Define a new variable Γ which is also a positive symmetric definite matrix and Γ = Q − I. Then, (5) can be revised to (A + BKC) T P + P (A + BKC) = −Γ. Considering the adaptive law given in (8), we have
Then, it follows thaṫ
Since 2τ x T P B k 1εe
−σt
V satisfies thaṫ
where λ = λ min (Γ) (λmax(P )) > 0. The 2τk1ε can be replaced by a constant c. Further, V (t) can be shown as
For the second term of the right-hand side of (21), it can be easily verified that (21), we can get the following form
Because x(t) is uniformly bounded, which implies x(t) is uniformly continuous, λ x(δ) 2 is also uniformly continuous. Applying the Barbalat Lemma [33] to (22) leads to the result
which means the closed-loop system is asymptotically stable.
Remark 4. Robust FTC refers to the ability of the fault-tolerant control scheme to avoid invalid reconfiguration in the presence of modeling uncertainties and disturbances. It was reported that an output feedback composite controller was designed which was different from a state feedback controller [22] and was simple to use in practice. However, it is undeniable that the selected Γ was conservative and the results could not be influenced by it.
Remark 5. The auxiliary control function ua(t), described by (11) , shows the actuator failure without the knowledge of the lower bound of actuator efficiency factor. And then the amended adaptive law εe −σt is different from σ(t) in [34] , and it can also validly avoid the high gain problem, while the high gain problem arises from the lower bound of ρ(t) is too small.
Perturbation decoupled fault reconfiguration
In Section 3, the combined effects of fault dynamics and disturbances were considered. Now we propose a reconfiguration approach for disturbance decoupled in the observer system. By using the Hautus condition [35] , if rank(CB) = q is satisfied, whereB = [B, B d ], a disturbance observer can be structured to estimate the external signal. Hence, we can suppose that there exist matrices P > 0, Q > 0 and observer gain L, satisfying
Then, we consider an output error equation with weighting matrix W as e(t) = W (Cx − Cx) (25) wherex stands for the estimation of state x. The weighting matrix W should have q rows. We suppose that PB = (W C) T , where P is the same as (24) . Therefore, according to the Kalman-Yakubovich-Popov (KYP) lemma, the {A −
LC,B, W C, 0} is a minimal realization of G(s) and G(s)
is strictly positive real (SPR) [36] . The above condition is often adopted as an assumption in SMC-based fault estimation system [13] . But, if CB does not have full column rank, then the observer and fault detection filter method cannot satisfy the disturbance decoupling requirement based on unknown input.
In Section 2, u f (t) = ρu(t) + Θ(t), here, we define a new
where u * f (t) = ζu(t) − Θ(t). System equation (1) can be amended in the form oḟ
And then, the observer is builded aṡ
where u des is designed as a continuous function of e(t) in order to reconstruct −u *
To decouple the disturbance, matrices W ∈ R l×m and L are required to satisfy the following assumptions.
Assumption 5. There exist matrices W and L so that A−LC is Hurwitz. And W CB d = 0, W CB has full column rank. The magnitude of 
Theorem 2. Consider system (1) under Assumptions 5−6 and denote Λ = diag{λ1, λ2, · · ·, λ l }, where λi is the eigenvalue of A − LC. The disturbance decoupled fault reconstruction system (27) using
He(t)
He(t) 2 + εe −σt (29) satisfies e(t) → 0 as t → ∞, where H = (P W CB) T and P is a positive definite matrix satisfying
Proof. Denote ξ = x(t) −x(t) and e(t) = W Cξ(t). According to Assumption 5, e(t) satisfies the dynamics aṡ
We choose the Lyapunov function V = e(t) T P e(t) for the above system. Thus,
Here, we use the same method to deal with e(t) 2 as in the proof of Theorem 1. And if we design k3 = 0.5l * 2 , theṅ V can be shown aṡ
Using the similar approach as in the proof of Theorem 1, the second term of the right-hand side of (33) is equivalent to c1e −σt . Similarly, the third term of the right-hand side of (33) 
Finally, (34) can be simplified as the form of
−σt (35) where W C 2 and l * 2 are positive constants and
is replaced by a real constant c2. Therefore,V (t) satisfies the following inequalitẏ
And we define P Λ + Λ
> 0. On the basis of the comparison lemma, V (t) satisfies that
Then, we denote c1 + c2 = c. The second term on the right-hand side of the above inequality can be
Obviously, we have V (t) → 0 as t → ∞, which indicates that e(t) → 0 as t → ∞. Remark 6. u des can be described as a function of e(t) to make ξ → 0 as t → ∞, then we need to denote that u des is also bounded by β(t), i.e., u des < β(t). From (36), increasing σ or decreasing c1 + c2 can accelerate the convergence of V . Furthermore, the selected parameter σ should be larger than or equal to λ.
Numerical example
To illustrate the proposed controller design, a rocket fairing structural-acoustic model is considered by using the linear model with external disturbance input and parameter uncertainty. The details of state space matrix A, control input matrix B and the known matrix 
In order to verify the effectiveness of the proposed adaptive method, the initial parameters are given as According to the proposed fault model, we fully consider the possible combinations of conditions to describe the fault model, the details of which are established in simulation as Table 1 . The normal type implies that all the actuators are normally working, the fault modes from 1 to 3 describe that the first actuator, the second actuator and the third actuator are outage or suck, respectively. But the other actuators are normal or loss of effectiveness. Furthermore, Θ(t), which is supposed by the designed numerical function, is the indispensable part of fault model. The first fault is stuck at Θ(t) = 5 + 3 sin (0.5t) + 2 cos (0.5t) and occurs at 8 s, meanwhile we also consider that the second actuator has no fault during the whole operation process, and the third actuator faces loss of effectiveness by 1.5 − 0.03ρ. In other word, the system operates in a normal case before 8 s. Moreover, the supposed external disturbance d(t) = [1, 0.5 sin (4t)] T enters into the system at the beginning (t > 0).
As illustrated in Fig. 1 , the designed adaptive fault tolerant controller can guarantee that the state asymptotically converges to zero in the case that the actuator stuck fault is a time-varying signal under the unknown parameters. And then, the estimation parametersK andk1 for the controller are shown in Figs. 2-5 . It is easily seen that the estimations can converge and all the signals are uniformly bounded. To decouple the disturbances and faults, we reconstruct the unknown external signals based on the observer method. The proposed matrix L, which is a feasible solution of (24), can be obtained by LMI. And we can simply choose an appropriate matrix W = [I2, 02×2; 02×2, 02×2] to ensure W CB > 0. Then P can be obtained by the projection lemma in [37, 38] to satisfy SPR condition. Fig. 6 describes the actual fault input and the reconstruction external fault, the dummy fault signal −u * f is designed to illustrate the efficient controller decoupling the faults and disturbances. Fig. 7 shows the waveforms of d(t), the reconstruction of d(t) and reconstruction error. The signal e(t) is shown in Fig. 8 . 
Conclusions
A robust adaptive output feedback with fault compensation control law was developed for linear systems subject to uncertainties, unknown disturbances and actuator failures. The presented active controller design scheme can deal with the development of the fault model and guarantee the states converge asymptotically to zero. And the Lyapunov redesign technique can be used to reconstruct the faults and disturbances. The advantage of this method can help to estimate the waveform of the fault and extend the design to fault accommodation.
